チカン ノ ランクズケ ニ タイスル $O$($n$log log$n$) ビット リョウイキ ノ センケイ ジカン アルゴリズム リロン ケイサンキ カガク ノ シンカ ト オウヨウ by 須藤, 郁弥 & 篠原, 歩
Title置換のランク付けに対する$O$($n$log log$n$)ビット領域の線形時間アルゴリズム (理論計算機科学の深化と応用)
Author(s)須藤, 郁弥; 篠原, 歩




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
$O$ ( $n$ log log $n$ )
\dagger \ddagger
\dagger \ddagger




. , $o$ ($n$ log log $n$)
.
1
$n$ $S$ , $S$ $S$
$n$ .
$X_{n}=\{0,1, \ldots, n-1\}$ .
. , 15
.





$A\backslash$ , $S$ $\pi$ , $S$
$\pi$ .
$O(n^{2})$
[1, 2]. , [4] ,
$O(n\log n)$
. , Dietz [3]
, $O(n\log n/$ log log $n)$
.
, ,







, Mares [6]. Mares







, $O$ ( $n$ log log $n$ )
.
2
$S\subseteq X_{n}=\{0, \ldots, n-1\}$ $P_{S}$ .
, $\pi$ $i$ $\pi[i]$ , $\pi[i, \ldots,j]\equiv$
$(\pi[i], \ldots, \pi b])$ . $S$ $\pi,$ $\pi’$ ,
$\pi$ $\pi’$ $\pi<\pi’$
, $S$ $m$ .
$\pi<\pi’\Leftrightarrow_{def}\pi[0]<\pi’[0]\vee(\pi[0]=\pi’[0]$
$\wedge(\pi[1, \ldots,m-1])<(\pi’[1, \ldots,m-1]))$
$S$ $\pi$ $R(\pi, S)$ ,
.
$R(\pi, S)\Leftrightarrow def|\{\pi’\in P_{S}|\pi’<\pi\}|$
$R(\pi, S)$ , $S$ $P_{S}$
$\pi$ . ,
$n=3$ , $X_{3}=\{0,1,2\}$














$R((O,$ $1,2),$ $X_{3})=0$ $R((O,$ $2,1),$ $X_{3})=1$
$R((1,0,2),$ $X_{3})=2$ $R((1,2,0),$ $X_{3})=3$
$R((2,0,1),$ $X_{3})=4$ $R((2,1,0),$ $X_{3})=5$
, $S\subseteq X_{n}$ , $x\in X_{n}$
$r(x, S)$ .
$r(x, S)\Leftrightarrow def|\{y\in S|y<x\}|$
$x\in S$ , $r(x, S)$ $x$ $S$
. , $0\leq i<|S|$
, $S$ $i$ $r^{-1}(i, S)$
. , $r^{-1}(i, S)$ .
$r^{-1}(i, S)\in S$ $r(r^{-1}(i, S), S)=i$
$S\subseteq X_{n}$ $\pi_{S}$ . $S$ $m$
, $S’=S\backslash \{\pi s[0]\}$ $(m-1)!$
, $r(x, S)$ , $\pi s$
.
$R(\pi s, S)=r(\pi_{S}[0], S)\cdot(m-1)!$
$+R(\pi s[1,$
$\ldots,$ $m-1],$ $S’)$ (1 )





. $S$ $r(\pi[i|,$ $S),$
$Sarrow X_{n}$ ;
for$(i=0;i<n;i++)\{$






$r^{-1}(i, S),$ $S\backslash \{\pi[i]\}$ $t(n)$
, $O(n\cdot t(n))$ .
, $t(n)=$











$X_{n}$ $x$ , $r(x, S)$ $S\backslash \{x\}$
. ,
$r(x, S)$ 2 .
1. $S\subseteq X_{n}$ $x$ ,
.
$r(x, S)=x-r(x, X_{n}\backslash S)$
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. $r(x, S)+r(x, X_{n}\backslash S)=x$ .
$r(x,S)+r(x,X_{n}\backslash S)$
$=$ $|\{y\in S|y<x\}|+|\{y\in X_{n}\backslash S|y<x\}|$
$=$ $|\{y\in X_{n}|y<x\}|$
$=$ $x$
2. $S\subseteq X_{n}$ $s$ ,
$S’=S\backslash \{s\}$ . , $x\in X_{n}$ . $Y\subseteq X_{n}$
.
$r(x, Y\backslash S^{t})=\{\begin{array}{l}r(x, Y\backslash S)+1(x>s \text{ } s\in Y)r(x, Y\backslash S) (\text{ }\{t4)\end{array}$
. $s\not\in Y$ $Y\backslash S=Y\backslash S’$
$r(x, Y\backslash S’)=r(x, s\backslash S)$
$s\in Y$
$Y\backslash S’=Y\backslash (S\backslash \{s\})=(Y\backslash S)\vee\{s\}$
$(Y\backslash S)\wedge\{s\}=\phi$
$r(x, Y\backslash S’)$
$=$ $r(x, (Y\backslash S)\vee\{s\})$
$=$ $|\{z\in(Y\backslash S)\vee\{s\}|z<x\}|$
$=$ $|\{z\in(Y\backslash S)|z<x\}|+|\{z\in\{s\}|z<x\}|$
$=$ $r(x, Y\backslash S)+r(x, \{s\})$
,
$r(x, Y\backslash S’)=\{\begin{array}{l}r(x, Y\backslash S)+1(x>s \text{ } s\in Y)r(x, Y\backslash S) (\text{ })\end{array}$
,
. , $S\subseteq X_{n}$ $x\in X_{n}$ ,
$a[x]=r(x, X_{n}\backslash S)$ $a$ , 1
$a$ $r(x, S)$ . ,
2 $Y=X_{n}$ $\pi[i]$
, $a[x]=r(x, X_{n}\backslash S’)$
$a[x]$ .
$S=X_{n}$ . $x\in Xn$


















$\lceil\log n\rceil$ . $0\leq i\leq\lfloor_{\Pi\circ\neg}^{n-1}\rfloor gn$
, $Y_{(n,j)}$ , $Y_{(n,j)}\equiv\{x\in X_{n}|j\lceil\log n\rceil\leq$
$x<(j+1)\lceil\log n\rceil\}$ . , $Y_{(n,j)}$
$v_{j}$ . $0\leq k<\lceil\log n\rceil$ ,
$k$ $v_{j}[k]$ $r(j\lceil\log n\rceil+$
$k,$ $Y_{(n_{t}j)}\backslash S)$ .
$\lceil\log n\rceil$ , $v_{j}$
$\lceil\log\lceil\log n\rceil\rceil$ $\lceil\log n\rceil$ .
, $\lceil\log n\rceil$ $L\frac{n}{|\log n\rceil}$
$s$ , $0 \leq j<L\frac{n-1}{|\log n\rceil}$ ,
$i$ \S bl $|Y_{(n,j)}\backslash S|$
. , .
3. $S\subseteq X_{n}$ $x$ , $r(x, X_{n}\backslash S)$ ,
$v_{j},$ $s$
.
$r(x, X_{n} \backslash S)=v_{t}[x-t\lceil\log n\rceil]+\sum_{j=0}^{t-1}s[j]$ ,
, $t= \lfloor\frac{x}{\lceil\log n\rceil}\rfloor$
. $t\lceil\log n\rceil\leq x<(t+1)\lceil\log n\rceil$ , $x\in Y_{(n,t)}$
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. , $r(x, S)$ $Y_{(n,j)}$ ,
$r(x, X_{n}\backslash S)$ $=$ $\sum_{j=0}^{t}r(x, Y_{(n,j)}\backslash S)$
$=$
$r(x, Y_{(n,t)} \backslash S)+\sum_{j=0}r(x, Y_{(n,j)}\backslash S)$
$-1$
,
$v_{t}[x-t\lceil\log n\rceil]=r(x, Y_{(n,t)}\backslash S)$
, $t’<t,$ $x’\in Y_{(n,t’)}$ , $x’<(t’+$
1 $)$ $\lceil\log n\rceil\leq t\lceil\log n\rceil\leq x$ ,
$\sum_{j=0}^{t-1}s$ $]$ $= \sum_{j=0}^{t-1}|Y_{(n,j)}\backslash S|=\sum_{j=0}^{t-1}r(x,Y_{(n_{1}j)}\backslash S)$
, $r(x, X_{n}\backslash S)$ .





$=$ zmod $(2^{b}-1)$ (2)
3 , $v_{j},$ $s$ $r(x, X_{n}\backslash S)$
, $s$ , $\sum_{i}s[i]\leq n-1<$
$2^{\lceil\log n\rceil}-1$ , (2) ,
.
$S=X_{n}$ , $v_{j},$ $s$
$0$ . , 2 , $Y=$
$Y_{(n,j)}$ .
$\pi[i]$ , $v_{j}[k]$
$v_{j}[k]$ , $S’=S\backslash \{\pi[i]\}$





, $n=8$ $\lceil\log n\rceil=3$ ,
$Y_{(n,0)}=\{0,1,2\},$ $Y_{(n,1)}=\{3,4,5\},$ $Y_{(n,2)}=\{6,7\}$
. , $S=\{1,3,4,5,7\}$ ,
$S$ , vj 4 . ,
$\pi[i]=3$ . $\pi[i]\in Y_{(n,1)}$ ,
$r(3, S)$ 1, 3 .








4: $n$ $=$ 8, $S$ $=$
$\{1,3,4,5,7\},$ $S’=S\backslash \{3\}$




1. $X_{n}$ $\pi$ ,
$O$ ( $n$ log log $n$)
.
5 . , 5
, $b$ $s$ , $b’$






, $S\subseteq X_{n}$ $x$ $i<|S|$


















$rarrow v_{t}[\pi[i]-t\lceil\log n\rceil]+(s\ 2^{bt})mod (2^{b}-1)$
$rankarrow rank+r\cdot(n-i-1)!$








$v_{j}$ , $0\leq k<\lceil\log n\rceil$ ,
$k$ $v_{j}[k]$ $r^{-1}(k, Y_{(n,j)}\wedge S)-$
$j\lceil\log n\rceil-k$ .
$\lceil\log n\rceil$ , $v_{j}$
$\lceil\log\lceil\log n\rceil\rceil$ $\lceil\log n\rceil$ .
, $\lceil\log n\rceil+1$
$L\frac{n}{|\log n|}$
8 , $0 \leq i\leq L\frac{n-1}{\lceil\log n\rceil}$ ,
$i$ sbl $\sum_{k=0}^{j-1}|Y_{(n,k)}\wedge S|$
. , .
4. $S\subseteq X_{n}$ , $k<|S|$ ,
$r^{-1}(k, S)$ , $v_{j},$ $s$
.
$r^{-1}(k,S)=v_{t}[k-s[t]]+t\lceil\log n\rceil+k-s[t]$ , (3)
, $t= \max(j;j\in N, sb]\leq k)$
. (3) ,
$v_{t}[k-s[t]]+t\lceil\log n\rceil+k-s[t]$
$=$ $r^{-1}(k-s[t], Y_{(n,t)}\wedge S)$
$s[t]\leq k<s[t+1]$
$0\leq k-s[t]<s[t+1]-s[t]=|Y_{(n,t)}\wedge S|$
, $x\in Y_{(n,t)}\wedge S$ ,





$r(x, S)$ $=$ $r(x,$ $\bigcup_{i}(Y_{(n,i)}\wedge S))$




, $r^{-1}(k, S)$ .
5. $S\subseteq X_{n}$ $s$ ,
$S’=S\backslash \{s\}$ . , $Y\subseteq X_{n}$ . $k\in N$ ,
$k<|Y\wedge S’|$ .
$r^{-1}(k, Y\wedge S’)=\{\begin{array}{l}r^{-1}(k+1, Y\wedge S)(s\in Y \text{ } s\geq r^{-1}(k, Y\wedge S’))r^{-1}(k, Y\wedge S) (\text{ })\end{array}$
. $r^{-1}(k, Y\wedge S’)=x$ , $r(x,$ $Y\wedge$
$S’)=k$ . $s\not\in Y$ , $Y\wedge S’=Y\wedge S$
,
$r^{-1}(k, Y\wedge S’)=r^{-1}(k, Y\wedge S)$
$s\in Y$ , $s\in Y\wedge S$ ,
$Y\wedge S=(Y\wedge S’)\vee\{s\}$
,
$r(x, Y\wedge S)=r(x, Y\wedge S’)+r(x, \{s\})=k+r(x, \{s\})$
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,$r^{-1}(k, Y\wedge S’)$ $=$ $x$
$=$ $r^{-1}(r(x, Y\wedge S), Y\wedge S)$
$=$ $r^{-1}(k+r(x, \{s\}), Y\wedge S)$
,
$r^{-1}(k, Y\wedge S’)=\{\begin{array}{l}r^{-1}(k+1, Y\wedge S)(s\in Y \text{ } s\geq r^{-1}(k, Y\wedge S’))r^{-1}(k, Y\wedge S) (\text{ })\end{array}$
4 , $t$ (2) , $[$6$]$
,
. $s$
$n(<2^{\lceil\log n\rceil})$ , $0$
. , 2 $\lceil\log n\rceil+k$






4 , $v_{j}$ 8
, $r^{-1}(i, S)$ .
$S=X_{n}$ , $v_{j}$
$0$ , $s$ $sb$ ] $=$
$\sum_{k=0}^{j-1}\lceil\log n\rceil=j\lceil\log n\rceil$ . , 5
, $\pi[i]$
, $v_{j}[k]$
$v_{j}[k]$ . , $s$
, $S’=S\backslash \{\pi[i]\}$ , $\pi[i|\in Y_{(n,j)}$
$i$ $Y_{(n,j)}\wedge S’$ 1 ,




, $S=\{1,2,3,5,7\}$ , $s$ ,















. $\pi$ $O$ ( $n$ log log $n$ )
.
7 . , 7
, $b$ . $b’$ $s$ . $v_{j}$






$O$ ( $n$ log log $n$ ) .
$[0,$ $n!-1]$
, 32 $n$ 12





$v_{j}$ , 2 $v_{j}[0]$ $=$
178
: $X_{n}$ $\pi$ rank
: $\pi$
$Sarrow X_{n}$ ;









$carrow$ dec. $(\lceil\log n\rceil+k)$
t $arrow$ (((c–s) $>>$ (b–l))&dec) $mod (2^{b}-1)$
$\pi[i]arrow v_{t}[k-s[t]]+t\lceil\log n\rceil+k-s[t]$
s $arrow$ s–dec&’’ $(2^{b(t+1)}-1)$




$r(j\lceil\log n\rceil, Y_{(n,j)}\backslash S)=0$ . ,
$s$ (2)
$\lceil\log n\rceil$ $\nwarrow$ S




$( \lfloor\frac{n-1}{\lceil\log n\rceil}\rfloor+1)\lceil\log\lceil\log n\rceil(\lceil\log n\rceil-1)$
$+ \lfloor\frac{n-1}{\lceil\log n\rceil}\rfloor\lceil\log(\lceil\log n\rceil+1)\rceil$ (4)
.
, .
$v_{j}$ , $v_{j}[\lceil\log n\rceil-1]$
, $Y_{(n_{1}j)}\wedge S=Y_{(n,j)}$ ,
$v_{j}[\lceil\log n\rceil-1]=0$ . , $s$
, $0$ ,




$( \lfloor\frac{n-1}{\lceil\log n\rceil}\rfloor+1)\lceil\log\lceil\log n\rceil\rceil(\lceil\log n\rceil-1)$
$+ \lfloor\frac{n-1}{\lceil\log n\rceil}\rfloor\lceil\log n\rceil$ (5)
.
$C++$ .



















22Ghz PC . ,
Myrvold





, 32 , $n$ 8
.







, $O$ ($n$ log log $n$ )
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